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Abstract
In this paper, we design a tunable phase-modulated metasurface composed of periodically
distributed piezoelectric patches with resonant-type shunt circuits. The electroelastic
metasurface can control the wavefront of the lowest antisymmetric mode Lamb wave (A0 mode)
in a small footprint due to its subwavelength features. The fully coupled electromechanical
model is established to study the transmission characteristics of the metasurface unit and
validated through numerical and experimental studies. Based on the analysis of the metasurface
unit, we first explore the performance of electroelastic metasurface with single-resonant shunts
and then extend its capability with multi-resonant shunts. By only tuning the electric loads in
the shunt circuits, we utilize the proposed metasurface to accomplish wave deflection and wave
focusing of A0 mode Lamb waves at different angles and focal points, respectively. Numerical
simulations show that the metasurface with single-resonant shunts can deflect the wavefront of
5 kHz and 6 kHz flexural waves by desired angles with less than 2% deviation. In addition, it can
be tuned to achieve nearly three times displacement amplification at the designed focal point for
a wide range of angles from −75◦ to 75◦. Furthermore, with multi-resonant shunts, the
piezoelectric-based metasurface can accomplish anomalous wave control over flexural waves at
multiple frequencies (i.e. simultaneously at 5 kHz and 10 kHz), developing new potentials
toward a broad range of engineering applications such as demultiplexing various frequency
components or guiding and focusing them at different positions.

Keywords: electroelastic metasurface, piezoelectric shunts, local resonance,
elastic wavefront control

(Some figures may appear in colour only in the online journal)

1. Introduction

Piezoelectricity offers means to enable tunable control of
the acoustic/elastic waves in artificially engineered periodic
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structures. The ease of modifying structural dynamic proper-
ties via piezoelectric materials and their suitability for applica-
tions at different geometric scalesmake them excellent candid-
ates for adaptive system designs [1–5]. Piezoelectric elements
embedded in the metamaterials (MMs) have been demon-
strated to change the substrate’s dynamics properties by tail-
oring the electrical impedance in shunt circuits without any
need for structural modification [6–9]. To this end, research-
ers adopted different electric loads in the shunt circuit to
tune the dispersion properties or enrich the performance of
piezoelectric-based MMs. Inductive and resistive loads in

1361-6463/23/164001+11$33.00 Printed in the UK 1 © 2023 The Author(s). Published by IOP Publishing Ltd



J. Phys. D: Appl. Phys. 56 (2023) 164001 Z Lin and S Tol

the piezoelectric-shunt circuit were first proposed by Hagood
and von Flotow [6] to enhance the vibration suppression
performance of the piezoelectric metastructure. Later, other
piezoelectric shunts with inductance and negative capacit-
ance were explored to design electromechanical MMs and
phononic crystals, which exhibited unconventional behaviors
such as tunable bandgap and dispersive properties [7], leading
to diverse applications including sound/vibration mitigation
[10–13], energy harvesting [14, 15], wave directivity manip-
ulators [16–20], adaptive gradient index (GRIN) lens [21, 22]
and multifunctional designs [15, 23–25].

Emerged as a new kind of phase-modulated structure in
the last decade, metasurfaces offer compact and lightweight
designs, which are especially advantageous for wavefront con-
trol in the low-frequency regime [26, 27]. A metasurface con-
sists of an array of subwavelength-scaled phase modulators
that introduce abrupt phase shifts in the wave propagation
path and tailor wavefront based on generalized Snell’s law.
While acoustic/elastic wave manipulation via metasurfaces
has been explored through various design concepts [26–38],
once fabricated, most of them only operate in a narrow fre-
quency band. This limitation can be overcome by employing
piezoelectric materials in the metasurface design achieving
tunable wavefront control. For instance, real-time active con-
trol of elastic waves was demonstrated by embedding a feed-
back controller in the circuit and using sensing-and-actuating
units in the metasurface [39–41]. In addition, analog cir-
cuit [42–46] were used in piezoelectric-based adaptive metas-
urface design without resorting to the digital controller. To
this end, Li et al [42] proposed an adaptive metasurface
designed by five piezoelectric patches shunted with a negat-
ive capacitance to control the out-of-plane displacement field.
Later, Xia et al [43] explored the capability of piezoelectric-
based metasurface in manipulating the in-plane vibration
modes with negative capacitance shunts. Nonetheless, most
of them rely on negative capacitance shunts, which requires
synthetic electric components and additional source to power
the operational amplifier in the shunt circuits and can be
unstable in engineering practice [47, 48]. Recently, research-
ers exploited the resonant shunt consisting of inductive loads
in the electroelastic metasurface design [45]. Compared to
the active control technique and negative capacitance shunts,
these resonant-typemetasurfaces have the advantage of always
being stable and easy to implement, offering a reliable avenue
in real-life applications [49]. Yet, the phase modulation cap-
ability of resonant-type electroelastic metasurfaces is less
explored.

In this paper, we study piezoelectric-based metasurfaces
that can be tuned by tailoring the electric impedance in the
circuit via inductive loads. We advance the state of the art by
introducing multi-resonant shunts in the electroelastic metas-
urface design to achieve simultaneous wavefront control over
multiple frequencies.We develop a fully coupled electromech-
anical model of the electroelastic metasurface and validate its
accuracy through numerical and experimental studies. Then,
single-resonant and multi-resonant shunts are utilized in the
proposed metasurface to accomplish anomalous wave control
over flexural waves at desired frequencies.

2. Wave propagation characteristics of the
metasurface unit

We study tunable wavefront control of low-frequency elastic
waves via a piezoelectric metasurface with different electric
loads. The proposed piezoelectric-based electroelastic metas-
urface consists of 79 slender beams with a 2mm gap and peri-
odically placed piezoelectric patches, which are embedded in
an infinite aluminum plate and used to control the A0 mode
Lamb wave as shown in figure 1(a).

The wave characteristics of the metasurface unit are
resolved by considering an infinitely long aluminum
waveguide with a beam width of b = 5mm and a thickness
hs = 5mm as shown in figure 1(b). Three pairs of piezoelectric
patches (PZT-5H) with a length of ℓp = 25mm and a thickness
of hp = 0.3mm are periodically distributed on the substrate
beam with a gap distance of ℓg = 5mm. Each pair is com-
posed of piezoelectric bimorphs (i.e. two piezoelectric patches
sandwiching the central substrate beam) in parallel connection
and individually shunted to an identical electric circuit. The
metasurface unit has a total length of 85mm. Therefore, it
controls the flexural wave at the interested frequency of 5 kHz
(λ= 96.1mm) within a subwavelength pattern.

Since the substrate beam has a relatively small thickness
compared to the wavelength (i.e. λ/hs > 6), the equation of
motion of the flexural wave is governed by Euler–Bernoulli
theory [50, 51].

The piezoelectric patches produce a bending moment in the
composite section due to the inverse piezoelectric effect [52].
Coupled bending moment equation can be written as:

Mi(x, t) =−YI∂
2wi(x, t)
∂x2

+χvi(t) (1)

where vi represents the voltage across the ith piezoelectric
bimorph. χ = be31(hp+ hs) represents the backward coupling
term. e31 is the effective piezoelectric stress constant.

In addition, according to the constitutive equation and
Gauss’ Law, the coupled electroelastic equation of the ith pair
shown in figure 1 can be written as [52, 53]:

Ceq
p
dvi(t)
dt

+
vi(t)
Z

+χ

ˆ xRi

xLi

∂3wi(x, t)
∂x2∂t

dx= 0 (2)

where Ceq
p = 11.5 nF is the equivalent capacitance of each pair

of piezoelectric patches with the parallel connection. Z repres-
ents the external electric impedance. Superscripts R and L rep-
resent the right and left boundaries of the piezoelectric com-
posite region.

Through a wave-based method by imposing the linear/an-
gular displacement compatibility and force/moment equilib-
rium conditions at each interface, the complex wave amp-
litudes and the voltages can be simultaneously solved for each
section in the waveguide [25]. Then, the transmission ratios
and phase shifts are obtained by dividing the propagating
transmitted wave amplitude by the incident wave amplitude
(see appendix for detailed derivation).
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Figure 1. Schematic of (a) piezoelectric-based electroelastic
metasurface embedded in a plate and (b) the metasurface unit. The
perfectly matched layers (PMLs) are implemented to simulate the
infinite domains. The inset in (b) shows the piezoelectric bimorph
with resonant shunt circuits.

2.1. Single-resonant shunt

Our study starts by exploring the behavior of metasurface
units with single-branch shunts containing only an inductive
load L, resulting in an electric impedance Z= iωL for each
pair. Accordingly, an electromechanical resonance occurs in
the vicinity of the electrical circuit resonance ω = (LCeq

p )−
1
2 ,

yielding adjustable control over dynamic responses due to the
change in effective modulus [6].

We consider an incident flexural wave at target frequency
ωt propagates from the left-hand side of the waveguide along
the positive x-direction, and explore the change in phase under
different inductive loads, as demonstrated in figure 2(a). It is
observed that we can introduce any desired phase shifts via the
metasurface, which can be adaptable to operate in a wide low-
frequency range (i.e. 1 to 10 kHz) by only tailoring the induct-
ance loads. Depending on the desired operating frequency, the
inductance can be chosen according to L= 1/(ω2

t C
eq
p ) as illus-

trated in figure 2(a). Next, we further examine the transmis-
sion ratios and phase shifts at ft = ωt/(2π) = 5 kHz under dif-
ferent normalized inductance L/(ω2

t C
eq
p )−1. The transmission

ratio (|T|2) drops around the inductance value corresponding
to the resonant frequency in the circuit (L/(ω2

t C
eq
p )−1 = 1) as

expected. With a single resonant shunt, the phase modulation
curve covers the 2π phase range without including the induct-
ance range in the shaded region with low transmission ratios,
as shown in figures 2(b) and (c). Hence, the metasurface unit
can modulate the phase to desired values while maintaining
relatively high transmission ratios for most phase-shift val-
ues. Furthermore, we numerically test the phase modulation
ability of the metasurface unit under different inductive loads
through simulations in COMSOL Multiphysics. A 2D model
is developed to calculate the electromechanical response of
the metasurface unit under an incident flexural wave at 5 kHz.
The piezoelectric effect is included in the Multiphysics mod-
ule, and the perfectly matched layers are implemented at the
ends to avoid the reflection. A high-quality mesh is ensured
by using mesh size of λ/120. The numerical results have an
excellent agreement with the analytical results, as shown in
figures 2(b) and (c). Transmitted wavefields in figure 2(d)
clearly show the 2π phase coverage of the electroelastic
metasurface unit with different normalized inductance, valid-
ating the accuracy of the established analytical model. There-
fore, the fully coupled wave-based electromechanical model
can provide accurate phase information on the metasurface
unit.

2.2. Multi-resonant shunt

The single-resonant piezoelectric shunt can only vary the
phase velocity around the targeted single resonant frequency.
To endow the electroelastic metasurface with the capability
to achieve simultaneous wavefront control over transmitted
waves at distinct frequencies with the same electric imped-
ance profile, we exploit multi-resonant piezoelectric shunts,
as illustrated in figure 1(b). It is pointed out in previous stud-
ies [54, 55] that the bandgaps of electromechanical systems
with piezoelectric shunts are characterized by the poles and
zeros of the open-loop transfer functions (OLTFs) of the sys-
tem based on the root locus method:

OLTF(s) =
(1+α)s+ h(s)
s2(s+ h(s))

(3)

whereα represents the dimensionless electromechanical coup-
ling coefficient and h(s) = (ZCpeq)−1 is the normalized circuit
admittance. Z= ( 1

L1s
+ 1

L2s+1/(C2s)
)−1 is the electric imped-

ance, and s is a complex variable in the Laplace domain. Here
we tailor the position of locally resonant bandgaps in the sys-
tem by tuning the poles’ value. The characteristic equation of
poles can be derived from equation (3), yielding:

s2(L1C
p
eqL2C2s

4 +(L1C
p
eq +(L1 +L2)C2)s

2 + 1) = 0. (4)

There is a second-order pole at s= 0 and two pairs of complex-
conjugate poles at s=±iω1 and s=±iω2. The locally reson-
ant bandgaps occur around frequencies ω1,2, characterized by
the non-trivial roots, where the transmission ratios and phase
modulation profiles are sensitive to electric impedance change.
In this study, we design a multi-resonant shunted metasurface
to achieve simultaneous control over the flexural waves at two
distinct frequencies f1 = ω1/(2π) = 5 kHz, f2 = ω2/(2π) =

3
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Figure 2. Transmission characteristics of the metasurface unit with
single-resonant shunts. (a) Frequency domain phase modulation
capability under different inductive loads. Comparison between
analytical and numerical (b) transmission ratios and (c) phase
modulation results at 5 kHz, showing a good agreement even in the
shaded region near the inductance generating resonance in the
circuit. (d) Transmitted wavefields showing the phase variation from
−π to π under different inductive loads.

10 kHz.We select L1 = (ω2
mC

eq
p )−1 = 39.2mH, L2 = 90.6mH

and C2 = 6.29 nF to guarantee the bandgaps emerge around
target frequencies by solving equation (4), where ωm = (ω1 +
ω2)/2.

To explore the effect of electric impedance on the transmis-
sion ratios and phase modulation ability of the metasurface

Figure 3. Transmission characteristics of the metasurface unit with
multi-resonant shunts (L2 = 90.6mH and C2 = 6.29 nF are fixed).
(a) Transmission ratios changing with normalized inductance,
L1/(ω

2
mC

eq
p )−1. (b) Phase modulation curves of 5 kHz and 10 kHz

flexural waves showing a similar trend.

unit, we varied L1 in the shunt circuit and fixed other para-
meters, as shown in figure 3. It is observed in figure 3(a) that
transmission ratios of flexural waves at both target frequen-
cies drop when normalized inductance, i.e. L1/(ω2

mC
eq
p )−1,

changes around 1, indicating the proposed arrangement can
produce multiple resonant bandgaps around target frequen-
cies. In addition, the phase modulation curves in figure 3(b)
demonstrate that the multi-resonant shunt can introduce sim-
ilar phase shift profiles for both waves by tailoring induct-
ance, L1, indicating the feasibility of achieving similar but
not identical wavefront control over distinct frequencies in the
desired range of interest.

2.3. Experimental validation

Next, we fabricate and experimentally test the phase mod-
ulation performance and transmission ratios of the metasur-
face unit to validate the accuracy of the analytical model. The
experimental configuration with a single-resonant piezoelec-
tric shunt is shown in figure 4. Three piezoelectric patches
(Steminc SM311) are equally distributed in the middle of
a 6-foot-long aluminum beam to form the waveguide. The
waveguide is sufficiently long to prevent the interference of
reflected waves from the boundary. The excitation signal is
generated with the function generator (KEYSIGHT 33 210A)
and sent into the aluminum waveguide through a piezo driver
(TREK PZD350A). A Polytec PSV-500 scanning laser Dop-
pler vibrometer (LDV) is used to measure the out-of-plane
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Figure 4. Experimental set-up of the metasurface unit with
single-resonant shunt.

velocity response of the waveguide under different inductive
shunts achieved via the inductance decade boxes (IET Labs,
LS-400).

Considering the mechanical and electrical losses in the
system, the structural damping factor (ηs), the dielectric loss
tangent (tan(δ)), and the internal resistance of the induct-
ance boxes (Rl) are introduced into the electromechanical
model. Rl is directly measured via a multimeter, resulting
in an electric impedance value of Z= iωL+Rl. The effect
of the structural damping factor is introduced to the sub-
strate’s properties by assuming a complex Young’s mod-
ule of the material Ȳs = Ys(1+ iηs) and a complex flexural
wavenumber k̄= ks(1− iηs/4), where ηs is chosen as 1% for
aluminum beam and the subscript s represents the corres-
ponding parameter of the substrate beam. In addition to the
electrical losses from the internal resistance of the induct-
ance, a complex permittivity ε̄S33 = εS33(1− i tan(δ)) is used
to account for the dielectric loss. The equivalent capacitance
Ceq
p = 11.5 nF and dielectric loss δ = 10% are identified

from the energy harvesting performance of the piezoelectric
patches.

To test the tunable phase modulation performance of the
metasurface unit with a single-resonant shunt, we excite
low-frequency harmonic flexural waves (e.g. at 5 kHz and
6 kHz) propagating in the waveguide. The out-of-plane velo-
city response in the transmitted region is measured by LDV,
as shown in figure 4. Subsequently, the change in the peak’s
location of the velocity wavefields is traced to calculate the
phase shift relative to the short circuit as plotted in figure 5(a).
The experimental phase modulation results and the analyt-
ical solutions match each other very well for both 5 kHz and
6 kHz cases. It is observed that the phase changemainly occurs
around the inductance L= 1/(ω2

t C
eq
p ), which are 88.1mH for

f t = 5 kHz and 61.2mH for f t = 6 kHz. In addition, the phase
modulation capability is reduced compared to an undamped
system when the mechanical and electrical losses are included
in the model. Note that to employ the electroelastic metas-
urface concept in the plate for full-wavefield validation, dif-
ferent approaches could be adopted to reduce the electrical
and mechanical losses in the experimental system, e.g. using
advanced piezo-bonding techniques to reduce the influence
of the epoxy layer, utilizing Antoniou synthetic inductor or
lossless inductance elements with smaller internal resistance.

Figure 5. Comparison between the experimental and analytical
(a) phase modulation results and (b) transmission ratios.

We also check the transmission ratios of the electroelastic
metasurface. In this case, four-cycle sine-burst flexural waves
are sent into the waveguide. The velocity of the incident
and transmitted wave packets are first recorded by LDV and
then post-processed with a fast Fourier transform technique to
obtain the transmission ratios, as plotted in figure 5(b). Com-
pared to the lossless system, the transmission ratios increase,
and the bandwidth becomes larger because the local resonat-
ors are imperfect due to the electrical and mechanical losses
in the system. Overall, there is a good agreement between the
experimental transmission ratios and the analytical prediction
when the mechanical and electrical losses are included in the
model, validating the accuracy of the fully coupled analytical
model.

3. Electroelastic metasurface design and wavefront
control

Having the analytical model of the electromechanical wave-
guide validated through both numerical simulations and exper-
iments, we design the electroelastic metasurface with ideal
single-resonant and multi-resonant shunts to manipulate the
wavefront of the transmitted waves in a tunable fashion.

3.1. The metasurface with a single-resonant shunt for tunable
wavefront tailoring

We first design an electroelastic metasurface with single-
resonant shunts to deflect the elastic wavefront of A0 mode
Lambwaves at different frequencies by only tuning the induct-
ance. According to generalized Snell’s law, to deflect a nor-
mally incident A0 mode by an angle θt in the transmitted
region, the phase profile along the metasurface should be a
linear pattern satisfying:
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Figure 6. Metasurface with single-resonant shunts for deflecting
normally incident A0 mode Lamb wave. The phase profile and the
required inductance values along metasurface for (a) 5 kHz and
(b) 6 kHz wavefront deflection. b̄= 7mm represents the distance
between adjacent units. The out-of-plane displacement wavefields
of the wave-deflecting metasurface ((c): 5 kHz, (d): 6 kHz).

φ(y) =−ykt sinθt+φc (5)

where φ(y) represents the required phase value at location y
along the metasurface, and φc is an arbitrary phase constant.

In order to demonstrate the tunability of the piezoelectric-
based metasurface with a steering function, we only vary the
inductive load to tailor the phase gradient such that the nor-
mally incident A0 mode Lamb waves at 5 kHz and 6 kHz are
deflected by 30◦ and −20◦, respectively.

The frequency-domain simulation is conducted to numer-
ically test the metasurfaces with tailored phase gradients and
corresponding inductance values, as shown in figures 6(a)–(d)
for deflecting 5 kHz and 6 kHzwaves, respectively. Figure 6(c)
shows the out-of-plane displacement wavefield at 5 kHz, and
the wavefront has been successfully deflected by an angle of
θt = 30.5◦. Furthermore, the same metasurface can be adap-
ted to deflect normally incident 6 kHz A0 mode Lamb wave
as shown in figure 6(d), where the wavefront is successfully
deflected by an angle of θt =−20.2◦.

Despite the small distortion in the wavefront due to the vari-
ation in the transmission ratios along the metasurface and the
limitation in aperture size, the electroelastic metasurface can
achieve wave deflection of A0 mode Lamb wave at different
frequencies and at different angles by only tuning the induct-
ance in the circuit as demonstrated with distinct case studies.

Aside from wave-deflecting metasurface, one of the most
important metasurface designs in engineering practices is to
achieve wave focusing, where high-intensity wave energy
is desired towards various applications such as sensing and
energy harvesting.

To localize wave energy at ( fx, fy) away from the metasur-
face, a semicircle equiphase surface is required in the transmit-
ted region [37], resulting in a hyperbolic-type phase profile as
depicted in equation (6):

φ(y) = kt(
√
f 2x +(y− fy) 2 −

√
f 2x + f 2y )+φc. (6)

Similarly, φc is an arbitrary phase constant added in the entire
metasurface. Note that adding/subtracting the phase constant
φc in the entire phase profile does not change the phase gradi-
ent along the metasurface, so wave energy still focuses at
( fx, fy). On the other hand, φc affects the required inductance
profile of the metasurface and the transmission ratios of each
metasurface unit. Hence, the wave intensity at ( fx, fy) varies
with different φc values, providing a new degree of freedom
to optimize the focusing performance of metasurfaces.

Here, we evaluate the coverage of thewave-focusingmetas-
urface at different radial focal angles. The Huygens–Fresnel
principle is adopted to explore the optimal inductive loads. We
approximate the response in the transmitted region as a super-
position wavefield of an array of point loads adding at the end
of each metasurface unit with the amplitude and phase pro-
files equal to |T(y)| and φ(y), respectively. The superposition
wavefield can be given by equation (7) [29, 56]:

w(x,y, t) =
79∑
i=1

−|Ti|ei(ωt+φi)

4π
√
Dρhsω

[
π i
2
H(2)

0 (kri(x,y))

+K0(kri(x,y))

]
(7)

where ρ and D= Ysh3s/(12(1− ν2)) are the density and the
bending stiffness of the plate, respectively. ri(x,y) represents
the distance between the point (x, y) and the end of ith metas-
urface unit. H(2)

0 and K0 are the Hankel function and modi-
fied Bessel function, respectively. The optimal wave-focusing
designs are obtained by sweepingφc from 0 to 2π with a preset
optimization bound-constrained of the maximum inductance
value less than 300mH (L⩽ 300mH).

To demonstrate the versatility of the focusing metasurface,
we tailor the phase gradient via varying the inductive load to
localize normally incident A0 mode Lamb wave at different
focal points ( fx, fy) = r(cosθ,sinθ). Here, θ ∈ [−75◦,75◦] is
the angle of focal points relative to the center of the metasur-
face, and r = 101.6mm is chosen around the wavelength of
5 kHz A0 mode Lamb wave (∼96.1mm).

The frequency-domain simulation is conducted in COM-
SOL Multiphysics to numerically test the focusing metasur-
faces for normally incident A0 mode Lamb waves at different
frequencies. Here, we first utilize it to localize the energy of
normally incident 5 kHz A0 mode at different angles of focal
points. Figure 7(a) shows the out-of-plane displacement amp-
litude wavefields (i.e. |w|) of the focusing metasurface for dif-
ferent angles of focal points, including θ = 0◦, θ = 30◦, θ =
45◦, θ = 60◦. The focus can be clearly identified at the desired
focal area for all cases.We quantitatively evaluate the focusing
performance at different angles by calculating the amplifica-
tion factor of the out-of-plane displacement amplitude relative
to the baseline pure plate. As shown in figure 7(b), the out-
of-plane displacement of 5 kHz A0 mode Lamb waves can be
magnified nearly three times for any transmitted angles ran-
ging from −75◦ to 75◦. In addition, a small drop in amplific-
ation factor can be identified at a large angle, e.g. 75◦, due to
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Figure 7. Metasurface with single-resonant shunts for wave
focusing. (a) The out-of-plane displacement amplitude wavefields of
the focusing metasurface design of 5 kHz A0 wave with different
focal angles. (b) The amplification factors of |w| at different focal
points ( fx, fy) = r(cosθ,sinθ). (c) The relative deviation of the
numerical focal points away from the theoretical prediction. (d) The
corresponding phase constant φc for the optimal focusing
performance.

the close distance between the focal points and the metasur-
face. To evaluate the deviation of focal points from the the-
oretical prediction, we calculate the relative error of the focal

position ε= |
√
f 2x,num + f 2y,num − r|/r as plotted in figure 7(c),

which demonstrates a small deviation in focal position for all
cases (i.e. ε < 6% for 5 kHz), where ( fx,num, fy,num) is the focal
position obtained from numerical simulation results. Also,
the phase constants φc corresponding to the optimal focusing
designs are provided in figure 7(d).

Likewise, we can tune the inductance to tailor the wavefront
at 6 kHz to showcase its tunability. To this end, we utilize the
metasurface to focus 6 kHzA0 mode at different angles of focal
points. The out-of-plane displacement amplification factors
are plotted in figure 7(b), demonstrating a similar strong focus-
ing capability as 5 kHz and achieving almost three times wave

intensity for different transmitted angles. The relative error of
the focal position and optimal φc are given in figures 7(c) and
(d), respectively. Our results show that the metasurface can
maintain the high performance for different focusing require-
ments (e.g. focal positions and operating frequencies).

3.2. The metasurface with a multi-resonant shunt for
simultaneous tailoring of distinct wavefronts

We further endow the electroelastic metasurface with the cap-
ability to achieve simultaneous wavefront control at distinct
frequencies with the same electric impedance profile exploit-
ingmulti-resonant shunt. Based on the phasemodulation curve
of multi-resonant shunts in figure 3(b), we utilize the proposed
metasurface to achieve simultaneous wavefront control of nor-
mally incident flexural waves at 5 and 10 kHz.

The first type of multi-resonant metasurface is presented to
simultaneously deflect distinct frequency waves in the trans-
mitted region by different angles. Here we tailor the metas-
urface to deflect a 5 kHz flexural wave by θ5k = 30◦ accord-
ing to generalized Snell’s law φ(y)5k =−yk5k sinθ5k +φc,
where φc = 0.025π is selected to avoid large inductance value
in the interpolation procedure. The same metasurface can
simultaneously deflect a 10 kHz flexural wave by sinθ10k =
sinθ5kk5k/k10k = 20.7◦ due to similar phase gradient pro-
files of both frequencies indicated in the phase modulation
curve figure 3(b). Figure 8(a) shows the resulting displace-
ment wavefields, where the 5 kHz flexural wave is success-
fully deflected by desired angle θ5k = 30◦, while two beams
propagate in the transmitted region under 10 kHz excitation.
One propagates along the direction angle of θ110k = 19◦ with
only an 8% deviation from the theoretical prediction. The other
is deflected by an even smaller angle of θ210k = 11◦ since the
phase gradient of the 10 kHz wave changes slower relative
to 5 kHz when the normalized inductance is less than 1, as
shown in figure 3(b), resulting in a smaller deflecting angle as
we predicted by assuming identical phase modulation curve.
Yet, it is successfully shown that the concept of multi-resonant
metasurface can be used for simultaneous steering of waves
propagating at different frequencies. Note that the distortion
in the wavefront could be improved by exploring the dis-
ordered design of the metasurface unit or simultaneously tail-
oring all the electric elements in the multi-resonant shunt, i.e.
L1, L2, C2. In addition. the multi-resonant shunt electroelastic
metasurface concept can be further adapted to other frequen-
cies of interest by tailoring the electric loads, which will be
explored in future studies.

In addition, we demonstrate that the proposed metasur-
face can be used to simultaneously localize the wave intens-
ity of the propagating waves at both target frequencies. Here
the multi-resonant metasurface is designed to focus 5 kHz at
( fx, fy)5k = (101.6,0) mm based on equation (6). The theoret-
ical focal point under 10 kHz excitation is obtained by find-
ing the optimal position ( fx,0)10k to minimize the Euclidean
norm of the phase gradient difference between two frequen-
cies, ∥ φ10k −φ5k ∥2, yielding ( fx, fy)10k = (206.0,0)mm. The
appearance of a further focal point for higher frequency can
be interpreted by rewriting equation (6) with the desired focal

7
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Figure 8. Metasurface with multi-resonant shunts. (a) The
out-of-plane displacement wavefields of the multi-resonant
deflecting metasurface under different frequency incident waves
demonstrating a smaller angle under higher frequency excitation.
(b) |w| wavefields of the multi-resonant focusing metasurface under
different frequency incident waves, validating that the wave
intensity is localized at the desired region.

point ( fx,0) into:φ(y) = kty2/(
√
f2x + y2 + fx)+φc.With sim-

ilar phase gradient profiles, the higher frequency flexural wave
with larger kt is always localized at a further position (lar-
ger f x). We examine the focusing metasurface performance
through numerical simulations in COMSOL Multiphysics.
The |w| wavefields under different frequency incident waves
are shown in figure 8(b). The maximumwave intensities occur
at 98.4mm and 199.4mm under 5 kHz and 10 kHz excitation,
respectively, with only a 3% deviation from the theoretical
prediction. In addition, the maximum out-of-plane displace-
ment is amplified by 2.8 times and 2.1 times, respectively, as
compared to the baseline (i.e. pure plate). The focusing per-
formance under high-frequency excitation decreases due to the
lower transmission ratios, as indicated in figure 3(a), which
could be enhanced by narrowing the bandgap range via tailor-
ing the poles and zeros in the OLTF.

Note that all metasurface designs are realized by only
changing the inductance in the circuit without any need for
structural modification. Therefore, the electroelastic metasur-
face can be easily tuned to satisfy different conditions and
requirements.

4. Conclusion

In summary, we proposed and explored a piezoelectric-based
elastic metasurface design with single-resonant and multi-
resonant shunts to tailor the wavefront in the transmitted

region. The electroelastic metasurface concept can be adap-
ted to different frequencies of interest by tailoring the elec-
tric impedance. Our innovation and findings include: (i) an
almost equal wave-focusing effect with a nearly three times
increase in the wave displacement for any designed angle of
focal point ranging from −75◦ to 75◦, (ii) a multi-resonance
mechanism for achieving simultaneous wavefront control over
flexural waves at distinct frequencies, (iii) a recipe for pre-
dicting the performance of metasurface with multi-resonant
shunts. With advanced theoretical, numerical, and experi-
mental efforts, this study presents an unconventional wave
control technique based on resonant-type electroelastic metas-
urfaces, offering new avenues to achieve tunable wavefront
control without any structural modification. Also, the multi-
resonant shuntedmetasurface concept can be expanded to have
simultaneous control over more than two target frequencies
by adding additional resonant branches in the circuit, offering
new potentials in designing tunable and adaptive devices for
anomalous wavefront control.
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Appendix. Analytical formulation of the
metasurface unit

A.1. Electromechanical model

We establish a fully coupled electromechanical model and use
the wave-based method to solve the wave propagation charac-
teristics of the piezoelectric-based metasurface waveguide, as
depicted in figure 1(b). The 1-, 2-, 3-directions of piezoelec-
tricity are coincident with the x-, y-, z-directions.

Since the substrate beam has a relatively small thickness
compared to the wavelength (i.e. λ/hs > 6), the equation of
motion of the flexural wave is governed by Euler–Bernoulli
theory as depicted in equation (A.1) [50, 51]

YI
∂4w
∂x4

+m
∂2w
∂t2

= 0 (A.1)

where w is the transverse displacement. YI and m represent
the bending stiffness and the mass per unit length, which are
given below for both substrate beam and piezoelectric com-
posite sections [52]:

YI=


Ysbh

3
s

12 Substrate
2b
3

(
Ys

h3s
8 + cE11

[
− h3s

8 +(
hp+

hs
2

)3])
Composite

(A.2)
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m=

{
ρsbhs Substrate

ρsbhs+ 2ρpbhp Composite
(A.3)

where Ys is Young’s modulus of the substrate beam. ρ and cE11
are the density and the elastic modulus of piezoceramic at the
constant electric field, respectively. The subscripts and super-
scripts p and s stand for the corresponding parameter of the
piezoceramic and substrate beam, respectively.

The bending moment in the composite section is equal
to [52]:

M(x, t) = b

(ˆ −hs/2

−hp−hs/2
T p1zdz+

ˆ hs/2

−hs/2
T s1zdz+

ˆ hs/2+hp

hs/2
T p1zdz

)
(A.4)

where T1 represent the stress component in the x-direction. In
addition, the reduced constitutive equations for a thin piezo-
electric patch and substrate beam can be written as:

Tp1 = cE11S
p
1 − e31E3 (A.5)

Ts1 = YsS
s
1 (A.6)

where e31 is the effective piezoelectric stress constant. E3 is
the instantaneous electric field in the z-direction. For the ith
piezoelectric bimorph with parallel connection, the instantan-
eous electric fields are in the opposite directions in the top and
bottom layers (i.e. E3 = − vi

hp
in the top layer and E3 =

vi
hp

in
the bottom layer). S1 represents the axial strain component and
can be written as:

S1(x,z, t) =−z∂
2w
∂x2

. (A.7)

Substitute equations (A.5)–(A.7) into equation (A.4), the
bendingmoment for the ith composite region can be simplified
to equation (1).

In addition, according to the constitutive equation and
Gauss’ Law, the coupled electroelastic equation of the ith
bimorph shown in figure 1 can be written as equation (2)
[52, 53].

A.2. Wave-based solution of transmission characteristics

The metasurface unit is composed of six sections as shown
in figure A1. For each section, the complete solution of
equation (A.1) can be expressed as:

wi(x, t) = (a1,ie
−iki x+ a2,ie

−ki x+

a3,ie
iki x+ a4,ie

ki x)eiωt (A.8)

where a1,i,a2,i,a3,i, and a4,i are the complex wave amplitudes
and i = 0,1, . . . ,6 denote corresponding composite and sub-
strate sections along propagating direction. ki is the wavenum-
ber defined as:

ki =
4

√
mω2

YI
. (A.9)

Figure A1. Schematic of the metasurface unit and piezoelectric
bimorphs with superscripts R and L denoting right and left
boundaries.

There are two propagating components and two evanescent
components in equation (A.8). The first (last) two terms in
equation (A.8) with a negative (positive) sign of the exponents
denote the forward (backward) propagating and evanescent
waves. For an infinitely long waveguide, a2,0 = 0 is imposed
in the incident region, and a3,6 = a4,6 = 0 are assumed in the
transmitted region.

Since the piezoelectric bimorph generates an additional
moment term as given in equation (1) due to the inverse piezo-
electric effect, the moment equilibrium conditions at the left
and right boundaries of the piezoceramic composite region can
be written as [25]:(

−YI∂
2w
∂x2

)R

i−1

=

(
−YI∂

2w
∂x2

)L

i

+χvi (A.10)

(
−YI∂

2w
∂x2

)L

i+1

=

(
−YI∂

2w
∂x2

)R

i

+χvi. (A.11)

In addition, the linear/angular displacement compatibility and
force equilibrium conditions at each interface can be written
as:

zRi−1 = zLi ,z
L
i+1 = zRi (A.12)

where

z= [w,θ,Q]T =
[
w,

∂w
∂x

,−YI∂
3w
∂x3

]
. (A.13)

Accordingly, the complex wave amplitudes and the voltages
can be simultaneously solved for each section in the wave-
guide by imposing the linear/angular displacement compatib-
ility and force/moment equilibrium conditions at each inter-
face together with the coupled electrical circuit equation as
given in equation (2). And the transmission characteristics are
obtained by dividing the propagating transmitted wave amp-
litude a1,6 by the incident wave amplitude a1,0:

T=
a1,6
a1,0

= |T|eiφ (A.14)

where |T| and φ represent the transmission ratio and phase
shift, respectively.
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