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ABSTRACT

We propose a nonlinear acoustic metasurface concept by exploiting the nonlinearity of locally resonant unit cells formed by curved beams.
The analytical model is established to explore the nonlinear phenomenon, specifically the second-harmonic generation (SHG) of the nonlin-
ear unit cell, and validated through numerical and experimental studies. By tailoring the phase gradient of the unit cells, nonlinear acoustic
metasurfaces are developed to demultiplex different frequency components and achieve anomalous wavefront control of SHG in the trans-
mitted region. To this end, we numerically demonstrate wave steering, wave focusing, and self-bending propagation. Our results show that
the proposed nonlinear metasurface provides an effective and efficient platform to achieve significant SHG and separate different harmonic
components for wavefront control of individual harmonics. Overall, this study offers an outlook to harness nonlinear effects for acoustic
wavefront tailoring and develops potential toward advanced technologies to manipulate acoustic waves.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0101076

Engineered material systems have been widely used in controlling
acoustic/elastic waves due to their unique and intriguing properties,
such as bandgap and ability to slow the wave speed, which leads to
diverse applications, including vibration suppression systems,1,2

energy harvesting devices,3,4 topological insulators,5 and nonreciprocal
wave propagation.6,7

Recently, phase-modulated metasurfaces8 have gained increasing
research interest due to their ability to control low-frequency waves
with compact and lightweight structures. A metasurface is a thin layer
in the host medium composed of an array of subwavelength-scaled fea-
tures, which can introduce an abrupt phase shift in the wave propaga-
tion path and tailor the wavefront based on generalized Snell’s law. The
first studies on metasurface designs rely on linear properties of the unit
structures to modulate the acoustic/elastic wavefront.9–13 For instance,
metasurface designs based on Helmholtz-resonator14 or coiling-up
space structure9 were proposed to control the acoustic wavefront of
reflected and transmitted waves. To enhance wave control opportunities
beyond conventional linear metasurfaces, researchers have recently
introduced nonlinearity in the acoustic metasurface designs and
achieved extraordinary wave controllability. For example, Popa and
Cummer15 presented a single-layer structure with Helmholtz-resonators

and nonlinear electronic circuits to achieve the second-harmonic gener-
ation (SHG) for nonreciprocal wave propagation. Guo et al.16,17 pro-
posed nonlinear acoustic metasurfaces based on mass-spring and
rotating-square structures and explored SHG in the reflected region,
revealing that the local resonance effects can amplify SHG.

Although promising, the current nonlinear acoustic metasurface
studies mainly focus on generating and maximizing the higher-order
harmonics. Yet, the phase modulation and wavefront control capabil-
ity of these structures have not been explored in the acoustic regime.
In addition, the resulting scattered wavefields often comprise a mixture
of different harmonic components, which may weaken the efficiency
of controlling them individually.

In this paper, we advance the state of the art by introducing a
nonlinear acoustic metasurface for simultaneous higher-harmonic
generation and unconventional wavefront manipulation. We examine
the amplitude-dependent behavior of the SHG, and the phase modula-
tion capability of the proposed metasurface, proving that it can effec-
tively generate second-harmonic wave and simultaneously modulate
its wavefront for various functions, including wave deflecting, wave
focusing, and self-bending propagation, without influencing the prop-
agation of fundamental wave components.
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The proposed nonlinear acoustic metasurface concept is depicted
in Fig. 1(a), which is composed of an array of sub-wavelength unit
cells, consisting of three lumped masses coupled via two curved beams.
The unit cell has a length of l¼ 50.8mm, a width of b¼ 50.8mm, and
a thickness of t¼ 100mm (parameters are detailed in the supplemen-
tary material, Table S1). We design the metasurface to control the
acoustic wave propagating in air with mass density q ¼ 1:29 kg/m3

and sound speed c¼ 340 m/s. We focus on the problem of acoustic
wave transmission when a plane wave at a single frequency normally
impinges on the left lumped mass, m1, and propagates through the
metasurface. To analytically formulate the problem, we establish a
simplified mass-spring-damper system, where the mass of the meta-
surface unit is assumed to be concentrated at the three lumped
masses m1, m2, and m3, and each curved beam is modeled as an ideal
nonlinear spring with damping, as shown in Fig. 1(b).

Without loss of generality, the restoring forces of the nonlinear
springs are assumed of the form, FNL

i ðDlÞ ¼ kiDl þ aikiDl2

þbikiDl
3; i ¼ 1; 2, where Dl is the deformation of the nonlinear

springs, and ki; ai, and bi are the stiffness parameters. These stiffness
parameters are determined through the results from quasi-static analy-
sis conducted in COMSOLMultiphysics (see the supplementary mate-
rial, Sec. S2 for detailed description), yielding k1 ¼ 2:78� 105 N=m;
a1 ¼ 2:00 � 103 m�1; b1 ¼ 2:30 � 106 m�2; k2 ¼ 6:99 � 105 N=m;
a2 ¼ �510 m�1; and b2 ¼ 1:02 �106 m�2. We select the mass
values m1 ¼ 9:4 g; m2 ¼ 19:0 g; andm3 ¼ 6:0 g, resulting in a sys-
tem with two non-zero natural frequencies satisfying f2 ¼ 2f1 ¼ 2 kHz.
It is pointed out in previous studies16,17 that under such doubling reso-
nance frequency condition, i.e., f2 ¼ 2f1, the SHG can be maximized
when the system is excited at f1.

We assume a longitudinal wave with plane stress-wave field
rincðx; tÞ ¼ r0 sin ð2pf t � x

c

� �
Þ normally incident from the left-hand

side of the metasurface unit along the positive x-direction, where r0 is
the amplitude of the incident wave and the incident frequency is set to

be f ¼ f1 ¼ 1 kHz. Accordingly, the reflected and transmitted stress-
wave fields, rref and rtr, can be written as follows:

rref ¼ rinc þ qc
@u
@t
; rtr ¼ �qc

@u
@t
; (1)

where u(x, t) is the resulting displacement field in the air. m1 and m3

are located at x¼ 0 and x¼ l, respectively. Then, the effective forces
applied at m1 and m3 can be determined by matching the boundary
conditions at the interfaces, i.e., F1 ¼ �ðrincjx¼0 þ rref jx¼0ÞS and
F3 ¼ rtr jx¼lS, where S ¼ bt is the area of the flat surfaces contacting
air. As such, the governing equations of the metasurface unit can be
expressed as follows:

m1
d2u1
dt2
¼ � 2r0 sin ð2pftÞ þ qc

du1
dt

� �
S�

FNL
1 ðu1 � u2Þ � g1

dðu1 � u2Þ
dt

;

(2a)

m2
d2u2
dt2
¼ FNL

1 ðu1 � u2Þ þ g1
dðu1 � u2Þ

dt
�

FNL
2 ðu2 � u3Þ � g2

dðu2 � u3Þ
dt

;

(2b)

m3
d2u3
dt2
¼ �qcS

du3
dt
þ FNL

2 ðu2 � u3Þ

þ g2
dðu2 � u3Þ

dt
;

(2c)

where u1, u2, and u3 are the displacements of m1, m2, and m3, respec-
tively. g1; g2 are the damping coefficients of the two nonlinear springs.
Then, Eq. (2) is solved analytically by adopting the Harmonic Balance
Method (HBM) with the solutions ui ði ¼ 1; 2; 3Þ assumed as

uiðtÞ ¼ u0i þ
XN
n¼1

Cn
i cos ð2pnftÞ þ Sni sin ð2pnftÞ

� �
; (3)

FIG. 1. Schematic of the (a) nonlinear acoustic metasurface and (b) unit cell. The inset in (b) depicts the mode shapes of the unit cell when f2 ¼ 2f1 ¼ 2 kHz. (c) The trans-
mission ratios of both fundamental component (jT1j) and SHG (jT2j) under different amplitudes of the incident wave. (d) The transmission ratios and (e) phase modulation
curve of fundamental wave component (u1) and SHG (u2) vary with the middle mass value deviating from 19 g, i.e., Dm2 ¼ m2 � 19 g. The phase shift value with m2 ¼ 19 g is
taken as the reference.
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where u0i represents the constant terms, Cn
i and Sni are the amplitudes

of the sinusoidal terms, cosine and sine, respectively, and N is the
number of harmonics truncated. By substituting Eq. (3) into Eq. (2)
and matching the coefficients for different harmonics, we obtain a set
of nonlinear equations with respect to the unknown coefficients
u0i ; C

n
i , and Sni , which can be numerically solved by the

Newton–Raphson method.18 Then, the complex transmission coeffi-
cients of each harmonic component can be obtained by substituting
Eq. (3) into Eq. (1) and taking the ratio between the complex ampli-
tudes of each harmonic and incident wave, yielding

Tn ¼
2pnf qc

r0
ðCn

3 � jSn3Þ; n ¼ 1; 2;…;N; (4)

where j is the imaginary unit. As such, the transmission ratio, jTnj, of
the nth order harmonics and the corresponding phase shift caused by
the metasurface unit, un, can be calculated by taking the magnitude
and angle of Tn, respectively (see the supplementary material, Sec. S3
for detailed derivation).

With this analytical model, we investigate the transmission ratio
and phase shift of the undamped metasurface unit cell, as depicted in
Figs. 1(c)–1(e). We first explore the amplitude-dependent behavior of
the metasurface unit under different incident amplitudes, r0. As shown
in Fig. 1(c), the fundamental wave component (f1) dominates the trans-
mitted wavefield when r0 � 0 Pa, indicating a nearly linear response.
As r0 increases, the nonlinear effect occurs, leading to gradually
enhanced SHG. The transmission ratio of SHG tends to saturate and
reaches a maximal value of 0.84 when r0 � 200 Pa. Note that the trans-
mission ratios of the third and higher-harmonic components are negli-
gible (jTn�3j < 0:005) compared to fundamental and second-harmonic
components, and most of the acoustic energy is converted to the SHG.
Hence, the proposed unit cell provides an effective and efficient plat-
form for SHG. The mechanism for the significant SHG in the transmit-
ted region can be further interpreted by examining the mode shapes of
the unit cell, as shown in the inset of Fig. 1(b). It is observed thatm3 has
a large motion in the second resonant mode, i.e., f2, while m1 remains
almost steady, indicating that the second-harmonic wave tends to prop-
agate into the transmitted region instead of being reflected.

Moreover, we explore the unit cell’s capability to modulate the
wave transmission characteristics by tuning its parameters, specifically,
m2. We vary m2 around 19 g (m2 ¼ 19 g 6Dm2) and set r0 ¼ 200 Pa
for higher SHG. Figure 1(d) shows that the transmission ratios of fun-
damental and second-harmonic components change dramatically
with differentm2 due to the shift in natural resonances of the unit cell.
As expected, the maximum SHG occurs when Dm2 ¼ 0 g, i.e., when
f2 ¼ 2f1. Apart from the transmission ratios, the phase modulation
capability is another key factor in metasurface design. The phase shift
should span the range from �p to p in order to effectively control the
acoustic field. As shown in Fig. 1(e), our design can introduce different
phase shifts for the fundamental and second-harmonic waves by tai-
loring m2, indicating the feasibility to achieve diverse wavefront con-
trol over different harmonic components. It is observed that the phase
shift curve of the SHG covers the entire 2p phase range, revealing that
any type of anomalous wavefront control over the SHG can be real-
ized, while the phase shift of the fundamental component is insensitive
to the change of m2 in the range of interest. The mechanism for the
negligible phase shift of the fundamental component can be inter-
preted by examining the mode shape of the unit cell, as shown in the

inset of Fig. 1(b), wherem2 remains almost steady in the first resonant
mode, i.e., f1, indicating that m2 can be treated as a vibration node.
Hence, varying m2 have limited effects on the dynamic responses of
the system. This interesting phenomenon is utilized in the following
metasurface designs to split the SHG from the fundamental compo-
nent for individual control.

Furthermore, we conduct the finite element analysis (FEA) in
COMSOL Multiphysics. A 2D model is developed to calculate the
vibro-acoustic response of the unit cell under a planar-type back-
ground pressure field at 1 kHz in the incident region. The interfaces
between unit cell structure and air are set as acoustic-structure bound-
ary to include acoustic-vibration coupling, and the perfectly matched
layers (PMLs) are implemented at the ends to avoid the reflection. The
transmission ratios and phase shifts of both harmonics are obtained in
Figs. 1(d) and 1(e), respectively, and demonstrate an excellent agree-
ment with the analytical solutions.

Next, we demonstrate the applicability of the proposed concept
with a prototypical unit cell example. The unit cell is fabricated and
experimentally tested for its transmission properties featuring a SHG
with a tailorable desired phase shift. The mass blocks are fabricated
through Form 3 SLA 3D Printer and connected via curved beams
made of 1095 spring steels. The stiffness parameters of the
curved beams are tested through tensile testing machines, yielding
k1 ¼ 2:60� 104 N=m; a1 ¼ 3:84� 103 m�1; b1 ¼ 8:53� 105 m�2;
k2 ¼ 3:28 � 104 N=m; a2 ¼ 141 m�1; and b2 ¼ 1:03 � 103 m�2.
Accordingly, the mass values m1 ¼ 14:42 g; m2 ¼ 7:35 g; andm3

¼ 7:65 g are selected to guarantee the second natural frequency dou-
bles the fundamental one, i.e., f1 ¼ f2=2 ¼ 266:4 Hz. The metasurface
unit cell is hung with soft rubber bands, as depicted in Fig. 2(a). A cir-
cular magnet with 12.7 mm diameter is bonded at the center of m1.
The excitation signal is generated by the waveform generator (Agilent
33522A) and sent to an electromagnet copper magnetic coil through
an amplifier (TREK PZD350A) to apply tunable harmonic forces to
m1. We measure the out-of-plane velocity of m3 via Polytec PSV-500
scanning laser Doppler vibrometer (LDV) to obtain the transmitted
waves, as demonstrated in the inset of Fig. 2(a), and apply the fast
Fourier transformation technique to obtain the amplitudes and phase
shift variation of fundamental and second-harmonic components.

To characterize the amplitude-dependent behavior of our experi-
mental prototype, we tune the voltage in the signal generator and
record the transmitted wave under the same excitation frequency f
¼ f1 ¼ 266:4 Hz, as plotted in Fig. 2(b). The results verify that it can
realize significant SHG in the transmitted region, and higher input volt-
age leads to a larger ratio between the velocity amplitudes of SHG and
the fundamental component (v2=v1), indicating that more energy is
converted into SHG as the system nonlinearity increases. In addition,
we measure the velocity response and phase variation of the right mass
block,m3, under different middle mass value aroundm2 ¼ 7.35 g with
the same excitation, as presented in Figs. 2(c) and 2(d). The SHG is
maximized when Dm2 ¼ 0 g, which corresponds to the arrangement
with f ¼ f1 ¼ f2=2 ¼ 266:4 Hz. Meanwhile, a local drop is observed in
the fundamental wave velocity around the peak of SHG since more
energy is transformed into SHG around this region. Also, the nonlinear
unit cell can introduce different phase shifts into the generated second-
harmonic wave by varying m2, as shown in Fig. 2(d). Changing m2

has larger effect on the phase variation of SHG relative to the funda-
mental component, which agrees with our previous discussions.
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In addition, Figs. 2(e)–2(g) show the corresponding analytical results
with the experimentally measured structural parameters and proper
selection of incident amplitude and damping coefficients. Our experi-
mental results and the analytical solutions match each other well in
terms of the amplitude-dependent behavior and the modulation of the
transmission characteristics, revealing that our experimental prototype
can be utilized to provide an excellent physical implementation of the
proposed unit cell for SHG andwavemanipulation.

Having the analytical model of the nonlinear unit cell validated
through numerical simulations and the concept of generating signifi-
cant higher order harmonics with phase-shift features realized and
verified by experiments, we design acoustic metasurfaces to manipu-
late the wavefront of the transmitted wavefield based on the phase shift
profiles in Fig. 1(e). The designed metasurface consists of an array of
25 units with a gap of 2mm. By tailoring the middle mass value m2

along the metasurface, we present different metasurfaces to control the
normally incident acoustic wave at 1 kHz and achieve full wavefront
control of the SHG. In all metasurface designs, the propagating direc-
tion of the fundamental wave remains almost unchanged since most
of the metasurface units introduce a constant phase shift, i.e.,
du1=dy � 0, where y represents the vertical coordinates with the ori-
gin located at the center of the metasurface, while the SHG will be split
from the fundamental component for various types of anomalous
wavefront control. The performance of the proposed metasurfaces is
validated via finite element simulations conducted in COMSOL
Multiphysics. The incident wave is generated by applying a planar-
type background pressure field at 1 kHz, and the model is surrounded
by the PML to simulate the infinite acoustic domain, as depicted in

Fig. 3(a). Note that the simulations do not account for air inside the
nonlinear unit cells, which has a negligible damping effect on the
acoustic-induced vibrations of the nonlinear beams. Hence, it does not
impact the overall wavefront tailoring performance of the nonlinear
metasurface as presented with three numerical case studies. The first
type of nonlinear metasurface is designed to demultiplex different fre-
quency components in the transmitted region by guiding the SHG in
different desired angles, h2, according to the design principle based on
the generalized Snell’s law: u2ðyÞ ¼ �yk2 sin h2, where k2 is the wave-
number of the second-harmonic component. To this end, we design
three metasurfaces with theoretical deflecting angles of
h2 ¼ 30�; h2 ¼ 45�, and h2 ¼ 60� for the second-harmonic wave.
Figures 3(b)–3(d) show the resulting scattered acoustic pressure fields
in the transmitted region, where significant SHG is realized and the
incident waves are split into two beams as designed. One beam main-
tains the original propagating direction with the same wavelength as
the incident wave (i.e., the fundamental wave component). The other
is deflected by the desired angle, h2, and propagates with half of the
original wavelength (i.e., the second-harmonic component).
Therefore, the proposed metasurfaces can simultaneously achieve sig-
nificant SHG and frequency demultiplexing.

Aside from deflecting metasurface, the focusing metasurface is of
particular interest in engineering applications requiring localized high-
intensity wave energy. To focus the SHG at ð fx; fyÞ away from the cen-
ter of the metasurface, a hyperbolic-type phase profile u2ðyÞ

¼ k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2x þ ðy � fyÞ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2x þ f 2y

q� �
is required to form a semicircle

equiphase surface in the transmitted region.19 We first demonstrate a

FIG. 2. (a) The nonlinear acoustic metasurface and the unit cell experimental configuration. (b)–(g) Comparison between the experimental and analytical velocity responses
under harmonic excitation at f ¼ f1 ¼ 266:4 Hz. (b) Measured velocity of m3 under different voltage inputs. (c) Measured velocity responses and (d) phase shift variation
under different middle mass value around 7.35 g, Dm2 ¼ m2 � 7:35 g, and fixed voltage 60 mV. The phase shift value with m2 ¼ 7.35 g is taken as reference for phase varia-
tion plot. (e) Analytical prediction of the amplitude-dependent response with experimentally measured curved beam parameters. (f) Analytical velocity responses and (g) phase
shift variation with incident amplitude r0 ¼ 40 Pa and damping coefficients g1 ¼ g2 ¼ 0:15 under different m2, demonstrating a similar trend to experimental results, as
shown in (c) and (d).
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focusing metasurface design to localize the SHG at ð fx; fyÞ¼(304.8,
304.8) mm. The transmitted acoustic pressure field is shown in Fig.
4(a), and the root mean square (RMS) acoustic pressure results are cal-
culated and normalized by the incident acoustic pressure as plotted in
Fig. 4(b). The maximum acoustic pressure intensity occurs at (306,
300) mm with only (0.39%, 1.57%) deviation away from the desired
focal point, and the acoustic pressure is amplified by 2.12 times in the
focal area. Hence, the nonlinear focusing metasurface can focus the
SHG at the desired region, offering great potential in imaging small
objects for various applications (such as bio-medical or structural
health monitoring). In addition, the performance of the metasurface is
examined to focus the SHG at a further point ðfx; fyÞ ¼ (609.6, 609.6)
mm, close to the upper boundary of the metasurface (y¼ 659mm) as
an example of the limiting case. The simulation results are shown in
Figs. 4(c) and 4(d), where a larger focal region is observed with a
smaller amplification factor of 1.64 at (506, 520) mm. The focusing
performance decreases due to the limitation in the aperture size of the
metasurface, which can be enhanced by increasing the number of the
metasurface units.

To further demonstrate its versatility, the metasurface is used to
guide the generated second-harmonic wave to propagate along a self-
bending trajectory. To form a self-bending beam propagation, all the
rays in the transmitted region should be tangent to the desired caustic
trajectory.20 Accordingly, the phase gradient profile of the metasurface
can be determined via Legendre transform technique.21 We design
four metasurfaces to guide the SHG to propagate along different cubic
caustic trajectories considering the aperture size. The resulting acoustic
pressure fields are shown in Fig. 5, where the SHG is bent and propa-
gates along the desired self-bending trajectory. Hence, the nonlinear
acoustic metasurface does not only demultiplex different frequency
components but also guide the SHG to propagate in any desired trajec-
tory. Note that all the metasurface designs are achieved via tailoring
middle mass value m2, which can be realized by adding/subtracting
additional mass units, enabling highly tunable nonlinear metasurface
designs for various anomalous wave control.

FIG. 4. Focusing metasurface designs
with different desired focal points. (a) The
transmitted acoustic pressure field and (b)
normalized RMS pressure field of the
focusing metasurface with desired focal
point ðfx ; fyÞ ¼ (304.8, 304.8) mm. (c)
The transmitted acoustic pressure field
and (d) normalized RMS pressure field of
the focusing metasurface with desired
focal point ðfx ; fyÞ ¼ (609.6, 609.6) mm,
close to the upper boundary of the
metasurface.

FIG. 3. (a) Schematic of the nonlinear acoustic metasurface placed in the air. The
transmitted acoustic pressure fields of deflecting metasurfaces with desired angle:
(b) h2 ¼ 30�, (c) h2 ¼ 45�, and (d) h2 ¼ 60�.

Applied Physics Letters ARTICLE scitation.org/journal/apl

Appl. Phys. Lett. 121, 201703 (2022); doi: 10.1063/5.0101076 121, 201703-5

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/apl


In summary, we propose and explore a nonlinear acoustic meta-
surface consisting of structural modules with curved beams to tailor
and harness SHG for anomalous wavefront control. Our innovation
and findings include (i) a nonlinear unit cell design for achieving signif-
icant SHG propagating into the transmission region, (ii) insight from
amplitude-dependent analysis of transmission and phase modulation
by tailoring the structural parameters of the proposed nonlinear unit
cell, and (iii) design of nonlinear acoustic metasurfaces to demultiplex
different harmonics and control the second-harmonic wavefront for
diverse functions, including wave deflecting, wave focusing, and self-
bending propagation. With the advanced theoretical, numerical, and
experimental efforts, this study uncovers unconventional wave control
via nonlinear metasurfaces and creates potential toward a broad range
of engineering applications, e.g., phonon computing22 and ultrasonic
diagnosis and therapy in biomedicine, where higher-order harmonic
generation can be harnessed to image smaller objects.23

See the supplementary material for more details on unit cell
parameters, spring stiffness determination, and analytical formulation.
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