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ABSTRACT

We present torsional wave focusing in cylindrical structures integrated with conformal gradient-index phononic crystal (GRIN-PC) lenses.
The mechanical lens modifies the refractive characteristics of propagating waves along the axial direction such that the torsional wave
energy focuses at a desired point with an increased amplitude. In this paper, our main goal is to exploit the GRIN-PC concept for amplifica-
tion of the fundamental torsional wave mode, namely, T(0,1), which is especially favorable in the guided wave ultrasonic testing of pipelines
and can extend important structural information over long-range pipelines. To this end, we first study d35 piezoelectric transducer arrays
through multiphysics simulations coupling piezoelectric and solid mechanics models and determine the optimal number of transducers to
achieve the excitation of torsional plane wave. Two-dimensional Fourier transform as well as the tangential displacement histories around
the pipe circumference at various axial positions verify the pure T(0,1) excitation, which is validated with experiments. Next, we design,
fabricate, and numerically and experimentally study the conformal GRIN-PC for T(0,1) mode focusing in a range of ultrasonic frequencies,
from 30 to 50 kHz. Measurements show that the amplitude of the torsional wave mode is amplified by 39% at the focal point with the
presence of the GRIN-PC lens.
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I. INTRODUCTION

In the last two decades, gradient-index phononic crystal
(GRIN-PC) lenses have been widely studied for focusing bulk1–4 or
Lamb5–15 waves in planar structures for various applications
extending from imaging to energy harvesting. Inspired by the
optical lenses, GRIN-PC design is based on the variation of the
refractive indices of phononic crystal lattices according to a special
gradient-index profile. Hyperbolic secant1 or parabolic variations15

of refractive indices have been adopted for realizing rectangular
GRIN-PC lenses that focus uni-directional incident wave energy,
while Luneburg and Maxwell variations are exploited in circular or
semi-circular lenses for omni-directional elastic wave focusing.7,16

By gradually changing in the refractive indices, the phase velocity is
slowed down at the centerline of the lens. Hence, as the plane wave
propagates in the lens, it converges at the centerline and focuses at
the focal location of the GRIN-PC lens. Planar GRIN-PC lenses
have been successfully demonstrated to localize multi-mode wave

energy. Yet, understanding and implementation of GRIN-PC lenses
are mostly limited to flat structures. More recently, we introduced a
conformal GRIN-PC lens concept to amplify longitudinal wave
modes propagating in pipe-like structures.17 In an effort to remedy
the attenuation of propagating elastic waves, which is one of the
challenges in guided wave ultrasonics, we integrated a pipe struc-
ture with a conformal GRIN-PC lens and demonstrated simultane-
ous amplification of longitudinal waves along the pipeline at
desired sensor locations. In hollow cylindrical structures, the multi-
modal nature of guided waves supports three different wave mode
families: longitudinal [L(n,m)], torsional [T(n,m)], and flexural
[F(n,m)] wave modes, where n represents the harmonic variations
of displacement around the circumference and m is the mode of
vibration inside the wall.18 The axisymmetric wave modes L(0,1),
L(0,2), and T(0,1) are favored in guided wave research since they
are less complicated to generate compared to non-axisymmetric
(flexural mode) and higher order modes.19 Wave modes in guided
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wave testing have different tradeoffs and their selection depends on
the application and the targeted defect mode. Compared to the dis-
persive wave mode [L(0,1)], i.e., the wave velocity depending on the
frequency, the non-dispersive wave modes of L(0,2) and T(0,1) are
preferred. Torsional wave modes are more effective than longitudi-
nal wave modes since they are more versatile in defect detection as
they are sensitive to various kinds of defects.20 Hence, in this study,
our main goal is to extend the implementation of the GRIN-PC
lens to torsional wave focusing in pipe-like structures for improved
sensing. We numerically and experimentally study focusing of T
(0,1) mode via the conformal GRIN-PC lens designed in our
earlier work.17 Including the effect of adhesive layer in the stubbed
unit cell design results in a shorter focal distance for the torsional
wave mode which provides a more effective and practical design as
compared to our earlier study on focusing L(0,1) and L(0,2) modes.
In addition, localization of propagating torsional waves around the
circumference of the pipe at a focal point enables single point
sensor measurements and eliminates the need for a receiving
sensor array. While this study demonstrates T(0,1) amplification in
the conformal GRIN-PC for the first time, we also investigate tor-
sional wave generation in pipes. Piezoelectric lead zirconate titanate
(PZT) transducers allow for low-cost, lightweight, and effective
applications for guided wave ultrasonics.21 Over the last decade,
extensive research has been conducted on the excitation of the T
(0,1) wave mode using PZT transducers.22–24 An array of in-plane
shear d36 mode, an array of face-shear d24 mode, or multiple
arrays of thickness-shear d15 mode PZT transducers have been
proposed to generate uniform torsional wavefield of the T(0,1)
mode. Miao et al.23 demonstrated the tangential displacement sim-
ulation of the T(0,1) wave mode by utilizing a number of face-shear
d24 piezoelectric transducers ranging from 1 to 32. As the number
of actuators in a PZT array increased, the non-axisymmetric flex-
ural wave modes were suppressed and the quality of the transmitted
signal increased. Kamal and Giurgiutiu.25 utilized shear type piezo-
electric wafer active sensor (SH-PWAS) on aluminum plates to
excite SH0 wave mode, which is analogous to the axisymmetric fun-
damental torsional mode, T(0,1), in cylindrical structures. Similar
to SH-PWAS, in this study, we utilize d35 piezoelectric actuators
for the T(0,1) excitation for a pipe-like structure. The excitation of
torsional wave mode is verified with numerical analyses and experi-
mental measurements.

The outline of this paper is as follows: in Sec. II, the numerical
and experimental results for the excitation of torsional wave mode
in a steel pipe are demonstrated. In Sec. III, the design specifica-
tions of the conformal GRIN-PC lens is presented and the influ-
ence of adhesive on the phononic crystal lens design is discussed.
The focusing of T(0,1) mode with the increased amplitude at the
focal point is presented with numerical models and experimental
validation in Sec. IV. The conclusions of this study and future work
are further discussed in Sec. V.

II. TORSIONALWAVE EXCITATION IN HOLLOW
CYLINDRICAL STRUCTURES

In this section, we present the numerical studies that consider
the piezoelectric modeling of d35 actuators coupled with solid
mechanics. We also provide the experimental validation studies.

A. Numerical demonstration

The finite element analyses for the guided wave propagation
were performed in the time domain using COMSOL Multiphysics.
A 1520-mm long Schedule 40 steel pipe that has a wall thickness of
6 mm and an outer diameter of 114.3 mm was adopted in the
numerical models. First-order tetrahedral mesh elements with 10
nodes per element were used in the finite element simulations.
Several steps were taken to ensure convergence in guided wave
propagation. For instance, mesh size was set as 12 elements per the
wavelength of T(0,1). A Courant–Friedrichs–Lewy number of 0.2
was preferred for setting the time step to achieve the optimum sol-
ution. Low-reflecting boundary conditions were applied to the pipe
ends to minimize reflections. A three-cycle Hanning windowed
tone burst at a center frequency of 50 kHz was used as the excita-
tion signal to observe waveforms clearly. An array of d35 mode
actuators made of piezoelectric ceramic material (APC 850) was
attached close to a pipe end. One piezoelectric sensor acting as a
receiver was attached at a sufficient distance from the piezoelectric
array. The receiver distance was selected such that it was adequately
larger than the wavelength of T(0,1) at the lowest operating fre-
quency in this study. The properties and poling direction of piezo-
electric material are carefully defined to satisfy d35 piezoelectricity.
A parametric study was carried out with different numbers of actu-
ators to determine the optimum number for a pure T(0,1) wave
mode generation within the pipe. Based on the signal readings for
each configuration shown in Fig. 1, the required number of

FIG. 1. (a) Sensor output at 66.5 cm away from the actuator(s) for one actuator,
(b) four actuators, and (c) eight actuators indicating the arrival time of 0.211 ms
with dashed lines.
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piezoelectric actuators around the pipe circumference to generate
pure T(0,1) wave mode was found to be 8 as this array yielded a
clear three-cycle waveform arriving at the predicted time.

The following steps were taken in order to verify the existence
and uniformity of T(0,1) in the case of an array with eight actuators.
The pipe circumference was divided into 16 equally separated points
at the receiver location as illustrated in Fig. 2(a). The output signal
from the receiver was demonstrated in Fig. 2(b). The tangential,
axial, and radial displacements from the 16 different points were
extracted and plotted together in Figs. 2(c)–2(e), respectively. The
amplitudes of the tangential displacement are observed to be an
order of magnitude greater than the amplitudes of axial and radial
displacements. Hence, individual sensor readings around the pipe
verify the generation of T(0,1) wave mode via eight-actuator array.

The described piezoelectric actuator configuration generating
pure T(0,1) wave mode was further verified by performing two-
dimensional fast Fourier transform (2D FFT) of the wave field

response compared with theoretical dispersion curves of steel pipe.
The spatial information needed for 2D FFT was extracted from
the tangential velocity field response at 1-mm increments along
the centerline of the pipe. As Fig. 3 implies, the 2D FFT verifies the
excitation of pure T(0,1) wave mode matching with the theoretical
T(0,1) dispersion curve.

B. Experimental validation

Figure 4 shows the experimental setup for the validation of tor-
sional wave excitation in a steel pipe with the same dimensions used
in the numerical studies. d35 mode APC 850 piezoelectric plates
from American Piezo with dimensions of 15� 15mm2 and 1mm
thickness were utilized for the actuation and sensing. Eight uniformly
separated actuators were attached around the pipe circumference
using epoxy. The actuators were concurrently excited by a seven-cycle
sine-burst signal at multiple center frequencies (30–50 kHz) using a
function generator. A receiver was attached at the same distance as in
the numerical simulations. The guided wave signal readings were
amplified by a 40-dB preamplifier and recorded with PCI-8 data
acquisition system manufactured by Mistras Group Inc. with a sam-
pling rate of 1MHz and a digital filter of 20–200 kHz.

The signals measured at the receiver for 30 kHz, 40 kHz, and
50 kHz are shown in Figs. 5(a)–5(c), respectively, along with the
theoretical arrival time of T(0,1), 0.211 ms, indicated with the
dashed line on each plot. The waveform before the arrival time is
the excitation signal due to the electromagnetic interference of pie-
zoelectric sensors and the first wave packet observed after the
arrival time is the T(0,1) mode. Hence, the generation of the T(0,1)
wave mode in a cylindrical structure is experimentally validated.

III. GRIN-PC LENS DESIGN

In this section, we first present the design principle behind the
conformal GRIN-PC lens for focusing of T(0,1) mode in a steel

FIG. 2. (a) The cross section of the pipe finite element model at the location of the receiver. (b) Sensor output from the single receiver located at 25a. (c) Tangential dis-
placements, (d) axial displacements, and (e) radial displacements recorded at 16 points around the circumference at the receiver location.

FIG. 3. 2D FFT of the wave field response in the finite element model superim-
posed with the theoretical dispersion curves of the axisymmetric wave modes of
the steel pipe.
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pipe using cylindrical steel stubs of varying heights attached to the
outer surface of the pipe. Next, we discuss the effect of the adhesive
(epoxy) layer on the dispersion properties of the phononic crystal
and the performance of GRIN-PC lens by taking into consideration
the elastic properties of the adhesive layer used to bond the steel
stubs over the pipe surface.

A. GRIN-PC lens design

The steel pipe integrated with GRIN-PC lens consists of rows
of cylindrical steel stubs attached to the outer surface of a steel pipe
with an inner diameter (ID) of 102.3 mm and an outer diameter
(OD) of 114.3 mm. The stubs are periodically arranged over the
pipe surface to form the phononic crystal (PC) lens, and the unit
cell with stub diameter (ds) of 10 mm and the unit cell size (a) of
20 mm are shown in Fig. 6(a). The dispersion curves of the PC
structure formed by periodically repeating the unit cell were
obtained using eigenfrequency solver in finite element software.
Dispersion curves of pipe (unit cell with no stub) are shown in
Fig. 6(b) identifying the first two longitudinal wave modes, L(0,2)
and L(0,1), and the first torsional wave mode, T(0,1). Then, we
varied the stub height resulting in deviation in the dispersion
curves of unit cell from the dispersion curve of plain pipe. In this
study, we tailor the dispersion variation of T(0,1) mode for stub
heights ranging from 0mm (plain pipe) to 5 mm as shown in
Fig. 6(c). At a certain frequency, the wave number of the T(0,1)
mode increases while the phase velocity along the x-direction
decreases with increasing stub height. Hence, the refractive index,
which is the ratio of the phase velocity in plain pipe to the phase
velocity in the phononic crystal, is maximum for the highest
stubbed unit cell. In order to focus a torsional plane wave traveling
along the axial direction of the pipe, the refractive index within the

GRIN-PC lens is varied in the transverse direction of propagation
according to the hyperbolic secant (HS). The HS profile of refrac-
tive index, n, is defined as follows:

n(s) ¼ n0sech(αs), (1)

where n0 is the highest refractive index, which occurs at the lens
centerline s0, and α is the gradient coefficient. According to ray tra-
jectory theory from optics,26 the first focal point of the GRIN-PC
lens can be obtained at a distance of (π/2α). Note that the hyper-
bolic secant profile distribution is preferred as the GRIN design
since it results in minimum aberration.1

Figure 6(d) shows the variation of stub heights across the cir-
cumference of the pipe such that the stub at location s0 is the tallest
(highest refractive index) and the stubs at locations s�6 and s6 are
the shortest (lowest refractive index). The stub height and thus the
refractive index decrease gradually and symmetrically from the lens
centerline (s0) toward the edges of the lens (s�6 and s6). Hence, the
wave speed in the lens is varied such that the plane wave focuses at
the focal point and defocuses in accordance with the self-focusing
characteristics of the GRIN design. In this study, we adopted the

FIG. 4. Experimental setup for torsional wave excitation in the plain pipe.

FIG. 5. (a) Seven-cycle waveforms measured at 66.5 cm, at an excitation fre-
quency of 30 kHz, (b) 40 kHz, and (c) 50 kHz, with the theoretical arrival time
indicated with the dashed lines.
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stub height profiles depicted in Fig. 6(e) that was originally pro-
posed for conformal design by the authors to focus longitudinal
wave modes.17 For the same GRIN-PC lens design, the refractive
index profiles were obtained for the torsional T(0,1) wave mode
from its dispersion curve variations at multiple frequencies of 30,
40, and 50 kHz and were fitted using HS fits as shown in Fig. 6(f ).
Accordingly, the highest refractive indices at the centerline of the
lens are 1.078, 1.086, and 1.103 at 30, 40, and 50 kHz, respectively.

The gradient coefficients α of the HS fits to refractive index
distributions for T(0,1) wave mode were obtained as (0.0520/a),
(0.0570/a), (0.0640/a) and the corresponding first focal points were
calculated at 30.20a, 27.56a, and 24.54a for 30, 40, and 50 kHz,
respectively, where a is the unit cell length. Thus, in addition to
longitudinal wave modes, the curved GRIN-PC lens design can also
theoretically focus the torsional T(0,1) wave mode over a broad fre-
quency range.

B. Influence of adhesive layer on GRIN-PC lens

Unlike the ideally attached stubs in numerical models, in
experiments, the steel stubs are bonded over the surface of a proto-
type steel pipe using epoxy. In order to investigate the effect of the
added epoxy layer on the focusing performance of GRIN-PC lens,

we obtained the dispersion curves of PC using a unit cell model
including the epoxy layer between the steel stub and plain pipe as
shown in Fig. 7(a). The epoxy material was modeled with a
modulus of elasticity of 2.7 GPa, a density of 1700 kgm�3, and
Poisson’s ratio of 0.45. The dispersion curves with the added epoxy

FIG. 6. (a) Unit cell mode shape for T(0,1) wave at 50 kHz. (b) Dispersion curves of the pipe. (c) Variation of the T(0,1) mode dispersion curves with stub height, hs,
varying from 0 to 5 mm. (d) Conformal GRIN design of various stubs around the pipe circumference. (e) The stub height profile across the pipe circumference satisfying
the hyperbolic secant distribution of refractive index for L(0,2) mode at 50 kHz. (f ) Hyperbolic secant refractive index profile for T(0,1) mode at multiple frequencies.

FIG. 7. (a) Unit cell model with the epoxy layer between the pipe surface and
the stub. (b) The shift in the dispersion curve of T(0,1) mode for different thick-
nesses of the epoxy layer.
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layer are shown in Fig. 7(b) for three different layer thicknesses of
0.15, 0.25, and 0.5 mm. The dispersion band structure shows that
the dispersion curve of T(0,1) mode drops due to shearing of the
epoxy layer in response to the torsional vibration pattern of T(0,1)
mode. In addition, depending on the thickness of the epoxy layer, a
bandgap forms at relatively lower frequencies. For instance, consid-
ering a layer thickness of 0.15 mm, T(0,1) wave does not propagate
in the GRIN-PC lens above 45 kHz. The epoxy layer effect on dis-
persion curves also changes the refractive index distribution within
the GRIN-PC lens. Thus, maximum amplification is obtained at a
shorter focal distance at 40 kHz for the GRIN-PC lens with the
epoxy layer. We further discuss the effect of the epoxy layer on
GRIN-PC performance through numerical demonstrations and
experimental verification presented in Sec. IV.

IV. TORSIONALWAVE FOCUSING WITH GRIN-PC LENS

In this section, the implementation of GRIN-PC lens for tor-
sional wave focusing is discussed. First, the torsional wave focusing
performance is demonstrated for the ideal case (i.e., without the
adhesive layer) and for the case considering the epoxy adhesive
layer between the pipe and the stubs. Then, the experimental mea-
surements validating the numerical results of the GRIN models
with the adhesive layer are presented.

A. Numerical demonstration

The GRIN-PC lens was modeled up to 25 unit cells in the
numerical models. Finite element analyses were carried out fol-
lowing the numerical parameters described in Sec. II. The excita-
tion frequency was set to 50 kHz for the ideal GRIN-PC lens
model. Figure 8(a) shows the torsional plane wave generated in

the plain pipe and in the GRIN-PC lens-integrated pipe. The
plane waves in both cases look exactly the same at the instance of
0.050 ms. The wave fields in Fig. 8(b) demonstrate the instances
when the wave reaches the other end of the plain pipe and when
the wave propagates at the predicted focal point of the GRIN-PC
lens. As it can be inferred from the snapshots taken at 0.250 ms,
the plane wave is localized at the focal point at 25a complying
with the GRIN theory. Furthermore, receiver signals measured on
the plain pipe and GRIN-PC lens cases shown in Fig. 8(c) clearly
verify the increase in the amplitude from 1.43 to 3.19 mV with
ideal GRIN-PC lens at 50 kHz, resulting in an amplification factor
of 2.23. In addition, the broadband performance of the GRIN-PC
lens is assessed by the full width at half maximum (FWHM),
which is calculated as 4.16a (1.33λ), 5.26a (1.34λ), and 8.04a
(1.54λ) at 50, 40, and 30 kHz, respectively, providing an ample
space for sensor positioning.

As shown in Fig. 7(b), the epoxy layer used to attach the stubs
to the pipe surface has a drastic effect on the dispersion properties.
In order to investigate the performance of GRIN-PC lens, we per-
formed numerical analysis with models involving a 0.15-mm thick
adhesive material between the pipe and each stub. The GRIN-PC
lens was only modeled up to 10a due to the shift in the focal point
and the excitation frequency was selected as 40 kHz for this case.
Figure 9(a) shows that the generated plane waves are identical
before interacting with the GRIN-PC lens. As the wave reaches
near the other end of the pipe for the plain pipe, it remains as a
plane wave, while as it propagates in the GRIN-PC lens layer, it is
focused at 10a as observed in Fig. 9(b). The change in the band
structure of unit cell with the epoxy layer shifts the operation fre-
quency to 40 kHz at which the amplitude of signal increases from
0.74 to 1.18 mV with GRIN-PC lens, resulting in an amplification
factor of 1.59, as shown in Fig. 9(c).

FIG. 8. (a) Snapshots from numerical simulations at 50 kHz illustrating wave
propagation for both plain pipe and 25a-long GRIN-PC lens (without epoxy)
case at the instances of t = 0.050 ms and (b) t = 0.250 ms. (c) Sensor outputs at
25a.

FIG. 9. (a) Snapshots from numerical simulations at 40 kHz illustrating wave
propagation for both plain pipe and 10a-long GRIN-PC lens (with epoxy) case
at the instances of t = 0.150 ms and (b) t = 0.352 ms. (c) Sensor outputs 10a.
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Thus, we can conclude that T(0,1) wave mode focusing is
achieved for both GRIN-pipe models constructed by ideal coupling
and epoxy adhesive coupling of the lens to the pipe surface.

B. Experimental validation

We built the GRIN-PC lens conforming to the design by
attaching steel stubs with varying heights [4.5000, 4.4646, 4.3188,
4.0668, 3.6588, 2.9682, 1.9158 mm] on the pipe surface using an
epoxy adhesive. Based on the numerical results, the length of the
lens was chosen as 10a and signals were measured from a receiver
positioned at 10a shown in Fig. 10.

The experimental configuration, parameters, and excitation fre-
quencies were the same as the prior experiment with a plain pipe.
Figures 11(a)–11(c) illustrate the focusing performance of GRIN-PC
lens in comparison to the baseline measurements on the plain pipe
at 30, 40, and 50 kHz frequencies, respectively. The amplitude of the
signal obtained at 30 kHz increases from 4.45 to 5.49 mV with the
GRIN-PC lens, resulting in an amplification factor of 1.23. At
40 kHz, the amplitude of the signal increases from 6.14 to 8.55 mV,
resulting in an amplification factor of 1.39 that is slightly less than
the numerical result. A bandgap occurs near 50 kHz for the
maximum height stub, which causes the amplitude at 50 kHz to
slightly decay. This is due to the fact that the presence of the adhe-
sive layer modifies the dispersion characteristics, as thoroughly dis-
cussed in Sec. III. Hence, the numerical and experimental results are
in very good agreement. We can conclude that the broadband focus-
ing property of the GRIN-PC lens along with the redistribution of
refractive indices compensate for the changes due to non-ideal con-
ditions. As a result, torsional wave amplification in the conformal
GRIN-PC lens is successfully validated.

V. CONCLUSIONS

In this numerical and experimental study, we presented a
GRIN-PC lens conforming a hollow cylindrical structure to focus
and amplify torsional waves at ultrasonic testing frequencies. To
this end, we first demonstrated that the utilization of an array of
d35 piezoelectric actuators is an effective way to excite pure tor-
sional wave mode in pipe-like structures. By focusing the torsional
wave mode via the GRIN-PC lens, its wave energy is localized at
the focal point enabling its propagation distance to extend along
the pipe, therefore remedying the effects of attenuation. This study
also documents the robustness of the conformal lens design with
respect to the changes in the operation conditions. The GRIN-PC
lens is designed and numerically analyzed under ideal conditions
with rigid attachments of the stubs to the pipe surface. However,
the thin adhesive layer between the stubs and the pipe can cause
drastic changes in dispersion characteristics, which can be turned
into an advantage of utilizing a shorter lens of the same design due
to the redistribution of the refractive indices. With the modified
configuration considering the adhesive layer, manufacturing and
labor costs of GRIN-PC lens integration with pipelines are reduced.
Furthermore, a single sensor at the receiver location is adequate for
acquiring information when the GRIN-PC lens is implemented in
the pipe. This eliminates the necessity of using an array of receivers,
further reducing the number of sensors required for guided wave
testing. In conclusion, the study of torsional wave amplification in
the GRIN-PC lens complements our earlier work and the confor-
mal GRIN-PC lens is verified to be effective in focusing multiple
wave modes in pipe-like structures.
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FIG. 10. The steel pipe integrated with the 10a-long GRIN-PC lens.

FIG. 11. (a) Seven-cycle waveforms measured at 66.5 cm, for the plain pipe
and the pipe with GRIN-PC lens at 30 kHz, (b) 40 kHz, and (c) 50 kHz with the
theoretical arrival time of the signals indicated with the dashed lines.
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